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GIGI THIEU BAI TOAN

Cho © = (0,1) x (0,1) biéu dién mot vat thé dan hdi ddng huéng 2 chiéu. Véi mbi
diém z = (21, 22) € Q, ta ki hieu u = (uy(x,t), us(z,t)) 12 d6 chuyén dich (displace-
ment), trong d6 u; 12 46 chuyén dich tinh theo phuong z;. Nhu ching ta da biét (c6
thé xem trong [1, 2]), « thda man hé phuong trinh Lamé

0%u .

i pAu+ (A + p) V (div(u)) + F
véi F = (F1, ) 1a luc thé tich, div(u) = V - u = du1 /01 + Oua/Oxs, va N\, p 12 céc
hiing s6 Lamé. Chiing ta sé gid st 13 bién clia vat thé dan hdi bi kep chit, nghia 1a

(ui(x,t),uz(z,t)) = (0,0), x € I,

va cac diéu kién dau cda u duge cho trudc .

Ching ta s& xem xét bai toan xac dinh luc thé tich F. Day 1a mot dang bai todn
ngugc. Mot bai toan nguge thudng duge nghién ciu & nhiéu khia canh nhu tinh duy
nhéat, tinh 6n dinh va van dé chinh héa. Cé kha nhiéu bai bao vé tinh duy nhét, tinh
Sn dinh, song lai kha it bai vé van dé chinh héa, dic biét 1a rat hi€m bai dua ra danh
gia sai s6 cu thé.

Vi van dé xac dinh luc F 13 rdt phic tap nén cAn phai ¢ thém mot s6 gid thiét.
Trong [11] (trang 166), [sakov da xem xét bai todn tim mot cip ham (u, f) thda man
phuong trinh séng

cuy — Au = f
v6i f 1a doc lap véi t. Tac gid nay da chi ra 13, véi mot s6 thong tin tién nghiém vé
f, tit diéu kién cudi
u(x,T) = h(x)
ching ta sé c6 tinh duy nhat cta (u, f).
Mot bai toan nguge khéc la tim ngudn nhiét F(z,t,u) thda mian

ut—Au:F

Bai todn nay da dugc nghién ctu trong mot thoi gian dai, dic biét [a trong 30 nim trd
lai day. Nam 1935, trong [12], Tikhonov da chiing minh tinh duy nhat dya trén di lieu
cudi va dii lidu cho trén bién. Gan day, trong [13, 14], cic tac gid da xem xét bai toan
khi ngudn nhiét F' c6 dang tach bién

F(I>t>u) = gO(t)f(l’)

v6i ¢ 12 ham chua bigt. Mot dang tuong ty ctia ngudn nhiét F ciing duge nghién ctu
trong [15, 16] nhung v4i f 13 ham chua biét. Trong d6, ti diéu kién dau, diéu kién cudi
va diéu kién bién, cdc tdc gid da xem xét bai toan chinh héa f. Y tudng ding bi€n
ddi Fourier va cit cut tich phan trong dé ciing s& dugc dung trong ti€u luan nay.
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R4t gAn v6i dé tai cta chiing ta, bai todn ngugc vé tim luc thé tich cia heé dan hdi
cling da dugc nghién ctu trong [18]. Trong d6, cac tic gid da ching minh ring, néu
T di 16n, ¢ di tron va va ¢(0) # 0 thi luc thé tich (c6 dang tich bi€n o(t)f(x) véi
f chua biét) 13 xac dinh duy nhat ti diéu kién dau, diéu kien bién bi kep, va stc ép
bé mit cho trén mot phan cia bién . Ciing trong bai bio d6, cac tac gid da chi ra
mdt cong thic triiu tugng dé€ x4c dinh £, tuy nhién khong dé cap t6i van dé chinh hoéa
trong triong hgp dit lieu khong chinh xéc.

Trong ti€u luAn nay, d€ gidi quyét van dé chinh héa bai toidn, ngoai diéu kién dau
va diéu kién bién bi kep, ching ta s&¢ cAn thém diéu kién cudi va stc ép bé mit trén
ca bien Q. D€ mo ta stc ép bé mit, ta cAn dua ra mot sd dai lugng co hoc. Goi o1, 09, 7
12 cac stc ép (xem [1, 2]) xac dinh bdi

_ (O O
—H 81‘2 81‘1 ’
o = Adiv(u) + 2,u%, Vi e {1,2}.
8xj

Chiing ta s& gia st stc ép bé mit dugc cho trén bién cta vat thé, nghia 1a

01 T n1 X1

T 0 o X5

v6i X = (X1, Xy) duge cho trén 09, & day n = (n1,n2) 1a vector phap tuyén don vi
huéng ra ngoai. Hon niia, d€ don gidn, nhu trong [18] chiing ta ciing sé xét khi F' c6
dang tich bi€n

(Fy(2, ), Fy(x, 1)) = () (fr(2), f2(2))

vGi ¢ duge cho trude khong chinh x4c. Mit du vay, do ¢ 1a khong chinh x4c nén bai
toan clia ching ta vAn khong chinh, va tham chi n6 1a phi tuyé&n.

Bing cach st dung bi€n d8i Fourier, chiing ta sé¢ dua bai todn vé tim nghiém mot
nhi thic v6i hé s6 bac nhat 1A mot ham nguyén. Khi d6, bai toan 13 khong én dinh
trén l1an can cac khong diém ctia hAm nguyén nay. St dung tu tudng chinh héa ctia
Tikhonov va cit cut tich phan, chiing ta s& khi cac di€m ki di d€ chinh héa bai toan.
Khi c¢6 thém thong tin tién nghiém vé 15i gidi chinh xéc, ching ta dua ra mot xap xi
sai s6 cu thé.

Phan con lai ctia tiu luan duge chia thanh ba chuong. Chuong 1 13 phan kién thc
chuén bi, bao gdm viéc nhic lai mot s8 ki€n thic co ban va néu mot vai két qua can
thi€t cho phan sau. Chuong 2 dugc danh dé phat biéu va ching minh cic két qua
chinh, day 1a cac k&t qua dugc trich tii [19]. Chuong 3 trinh bay mot vi du cy thé minh
hoa cho cac tinh to4dn 1y thuyét.



Chuong 1
KIEN THUC CHUAN BI

1.1. Cac khong gian ham

Truéc hét, xin nhic lai cic khong gian LP va WP, Chi ti€t ¢ thé xem trong
(5, 6].
Cho ©Q 1a mot tap do duge trong RVN.

Dinh nghia 1.1. Véi mdi anh xa do duge f: Q — C va 1 < p < oo, ta ki hiéu

1l = /|f(ar)|”da: voi1<p< oo
Q

| fll, =inf{n >0:|f(x)] <nvéiaexecQ}.

Vi mbi 1 < p < oo, ta goi LP(2) 1a khong gian gdm tat ci cdc ham f do dugc trén Q
sao cho || f][,, < oo.

Dinh ly 1.1. Véi méi 1 < p < oo, LP(Q) la mét khéng gian Banach vdi chudn - Loy =

I.|l,. Bdc bigt, L*(2) la khong gian Hilbert vdi tich vé huong < f,g >= [ f(x)g(x)dz.
Q
Chiing minh dinh 1y nay dya trén bat ding thic quan trong sau.
Dinh ly 1.2. (Bat ding thic Holder) Cho p,q € (1,00) va p~t4+q~! = 1. Néu f € L?(Q),
q e L) thi f.ge LY Q) va
||f-9||L1(Q) < ||f||Lp(Q) : ||g||Lq(Q) :

Bay gid cho Q [a mot tap md trong RY. Ta ki higu C>(Q) 1a khong gian cac ham
kh3 vi vo han c6 gid compact trén Q. Vi mbi c € C°(Q) va a = (ay, ay, ...,ay) € ZN
véia; >0,i=1,2,..,N, ta ki hieu |a| = ¥ ,a; va

dlely
8a1x18a2x2...8aNa7N

D%u(x) (x),Vo = (21,29, ..., x,) € Q.

Dinh nghia 1.2. V6i mbi 1 < p < oo va m nguyén duong, khdng gian Sobolev W™P (1))
12 tap hop tit cd cdc ham f € LP(Q) sao cho v6i mdi a = (o, o, ..., an) € ZV vé6i
a; >0,i=1,2,.... N va |a] < m, tdn tai g, € LP(Q) théa man

/ f(2)D®6(x)dx = (~1) / 0a()b(2)dz, Vo € C(9).

Q

ol f

8a1x18a2x2...8aNzN

Khi d6 ta ki hiéu = go- Dic biét, ta dat W™2(Q) = H™(Q).




Dinh ly 1.3. Vi méi 1 < p < oo, m nguyén duong, W™?(Q) la khéng gian Banach vdi

A'?
chudn
1/p

||f||Wm’P(Q) = Z ||Daf||ip(ﬂ)
ler|<m

Ti€p theo, xin gidi thiéu cac khong gian C™ (I, X) va LP(I, X), trong d6 I 1a mot
khodng (m3 hodc déng) trong R va X la khong gian Banach. Vé céc chi ti€t c6 thé
xem trong [8].

Mot cich don gidn, ta dinh nghia C(I, X) 1a tap hgp cdc anh xa lién tuc ti I vao
X. Tuy nhién, dé dinh nghia C™(I, X), ta cAn dé&n phép tinh vi phan trong khong
gian dinh chudn. Dinh nghia sau 13 mot trudng hgp riéng cta cac dinh nghia trong [7].

Pinh nghia 1.3. Cho 7 1 mot khodng (m3 hodc déng) trong R va u: I — X.

’ N A 2 2. 2 2 . A ~ A o 2 N U
e Néu I [a mot khodng md, ta ndi u khd vi trén I né€u ton tai Anh xa dao ham e I - X
sao cho
. u(t)—u(s) Ou
lim ——> = —
s—t  t—s ot
v6i gi6i han tinh theo chudn cia X.
V6i mbi s6 nguyén duong m, ta néi v kha vi m 1an trén I n€u cic 4nh xa dao ham
sau day déu ton tai

Qudu 0 (Ou\ 9w 0 (9"
ot’ otz ot\ot)  Totm T ot \ otm )

e Néu I 1a mot khodng déng va m nguyén duong, ta néi u kh3 vi m l1an trén I néu ton
tai mot khodng mé I’ chita I va mot anh xa v : I’ — X kha vi m l4n trén I’ sao cho

B o 0 M
v|; = u. Ta cing ki hieu — = —

otk Otk

(s), Vsel,

véimoi k=1,2,...,m.
I
DPinh nghia 1.4. Cho I 1a mdt khodng (m& hogic déng) va m 1a mot s& nguyén duong,
ta ki hieu C™(I,X) 1a tap hop cdc ham u : I — X kh3 vi m lAn trén I sao cho
J"u
— e C(I,X).
5m € CLX)
Vé khong gian LP(I, X), ta cing dinh nghia tuong tu v6i khong gian LP(€2). Ta ki
hieu C.(I, X) 1a tap hgp cac ham lién tuc cé gid compact trén L.

Pinh nghia 1.5. Cho I 12 mot khodng md trong R va w: I — X. Ta néi u la do duge
néu c6 modt day ham w, trong C.(I, X) sao cho wu,(t) — u(t) véiae t € I.

Pinh nghia 1.6. Cho I 1a m¢t khodng mé trong R va 1 < p < oo. Ta ki hiéu LP(I, X) la
tap hgp (céc 16p tuong duong) cdc ham do duge u : I — X sao cho ham thyc ¢ — [|u(t)||
thudc LP(I), trong d6 ta dong nhat u véi v néu u(t) = v(t) véiaet € I.

Ta thay ring n&€u I bichin va 1 < ¢ <p < oo thi LP(I,X) C LI, X).

Pinh ly 1.4. Cho I la mét khodng mé trong R, 1 < p < oo va X la mot khong gian
Banach. Thi L*(I,X) la khéng gian Banach vdi chudn lwll pogrxy = e x|l Loy
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1.2. Ham giai tich

Truéc hét, xin nhic lai nhiing dinh nghia co ban trong gidi tich phic. V& chi
ti€t c6 thé xem trong [4].
Cho Q 1a mot tap mé trong khong gian phiic C va mot dnh xa f: Q — C.

Dinh nghia 1.7.
e Ta néi f gidi tich (analytic) tai zy € Q néu gidi han

. <) — J (%0

fE) - ()

220 Z — 20
ton tai. Khi d6 ta ki hiéu gi6i han nay la f/(2) va goi né 1a dao ham cida f tai 2.
e Ta ndi f gidi tich trén Q néu f gidi tich tai moi di€ém trong Q.
e Ta n6i f 13 ham nguyén (entire function) n&u f gidi tich trén cd mit phing C.

Mot dinh nghia khac ctia ham gidi tich dugc cho bdi két qui sau.

Dinh ly 1.5.
e Ham f la gidi tich tai zo € Q khi va chi khi ton tai mét dia mé B(zy,r) C Q va mot

[e.e]
chudi liiy thita > a,(z — 20)™ héi tu vé f(2) véi moi z € B(z, 7).
n=0

e Ham f la gidi tich trén dia B(z,7) C Q khi va chi khi tén tai mét chudi liy thita

ST an(z — 20)" hoi tu vé f(2) véi moi z € B(z, 7).
n=0

Tu két qua trén ta nghiém dugc tinh chat sau.

Pinh ly 1.6. Cho ham f la gidi tich trén dia déng B(zo,7) C Q. Néu phuong trinh
f(2) =0 c6 vé han nghi¢m trén B(z,7) thi f(z) =0 vdi moi z € B(zo,1).

N6i cach khic, n€u mot ham gidi tich khong dong nhat bing O trén mot dia thi né
chi ¢6 thé ¢6 hitu han khong di€ém trén dia d6. Do d6, n€u mot ham nguyén khong
ddng nhat bing O thi s6 khong di€m clia né chi ¢ thé 1a hitu han hodc d&€m duge.
Tuy nhién, trong ti€u luan nay ching ta con mudn udc lugng d6 do tap hgp cac diém
z trén mot dia sao cho |f(z)| nhd. Ching ta sé¢ dung két qua sau day (xem [3], muc
11.3, Theorem 4).

Pinh ly 1.7. Cho f(z) la mdt ham gidi tich trén dia {z : |z| < 2eR},
mot s6 duong nhé tiy y. Thi ta cé ddnh gid

In|f(2)] > — ln(%). In(M(2eR))

f(O)]=1,vanla

vdi moi z trong dia {z : |z| < R} ngoai trir 1 tdp hop cdc dia (C;) ¢ téng cdc bdn kinh
S r; < nR. O day ta ki higu M;(r) = Tn|ax |f(2)].

K&t qua nay c6 thé gidi thich mot cach hinh dnh 1a n€u modul ctia mot ham gidi
tich khong ting qua nhanh (tic [a My(2¢eR) khong qua 16n) thi né ciing khong gidm
qua nhanh vé 0 (tdc 1a |f(2)| khong qua nhd).



1.3. Bién doi Fourier

D€ ngin gon, ta trinh bay bi€n d8i Fourier dusi dang mot dinh Iy. Chi ti€t hon cé
thé tham kh3o trong nhiéu tai liéu, chdng han [9].

3 day ta xét khong gian RV v6i N nguyén duong tuy ¥.
Dinh ly 1.8. C6 m¢t bién dbi tuyén tinh lién tuc F - L*(RY) — L*(RN) théa man cdc
diéu sau
(i) Néu f € L'(RY) N LA(RY) thi

ﬂnwzjfmamm.
RN

(ii) | F ()l g2y = @)1 £l 120ey -
(iii) F=1(f)(§) = 2m) "V F(f)(=9).

Anh xa F trong dinh Iy trén dugc goi 1a bi€n d8i Fourier trong RY. Ping thic (i)
dugc goi 1a ddng thic Plancherel—Parseval.

Chi ¥ 1a cho di mot ham chi nhan gia tri thuc thi bién d8i Fourier ciia né ciing
c6 thé nhan gi4 tri phic. Trong trudng hop RY = R va f ¢6 gid compact, thi F(f) c6
thé m3 rong thanh mot ham nguyén trén C.

Dinh ly 1.9. Cho f € L'(R), f ¢6 gid compact. Thi ¥:C — C xdc dinh béi
fe)= [ soear

la mot ham nguyén.
Chiing minh. Gid st gid cta f chia trong [a,b]. V6i moi z € C ta ¢6
~ b

tim L) =G e

e
Zn—z Zn — % Zn—2 Zn — %
a

—itzn, _ ,—itz

)

b
dt = —i / f(t)te =dt

theo dinh 1§ Hoi tu bi chin Lebesgue. Diéu nay ching t3 f 13 mot ham nguyén.

Ta thdy bi€n ddi Fourier duge dinh nghia cho cic ham thudc L?(RY), tuy nhién
bing cach théc trién ta ciing c¢é thé€ dung bién d8i Fourier cho cac ham xac dinh trén
tap bi chin. K&t qué sau day chi ra mot "phién ban” cia bién d&i Fourier ma ta sé
dung trong tiéu luan.

Dinh ly 1.10. Cho a € R, Q la mét tdp con do dugc trong RN (N > 1), va w la ham
thite trong L'(Q) N L*(Q). Thi

2

N
/ /w(a?) sin(a + Zakxk)dx do = 2NN ||w||iQ(Q) )
k=1

RN 1Q



Ching minh. Tru6c hét ta ching minh cho truong hgp a = 0. Bitw : RN — R

w(z) —w(—z) néuz,—x€Q,
(

] w@) nfuzr€Q,—ré¢Q,
w(xr) = —w(—z) néux ¢ Q,—x¢Q,
0 néu z, —r ¢ Q.

Thi @ € L'(RY) N L2(RN) va

F(w)(a) = Qi/w(z) sin(z agxy)dz

Q

trong d6 F 13 bi€n d6i Fourier trong RY. St dung ding thic Parseval, ta ¢

2

N
) 1 - 2m)N _
| w@sin(3 - ands| da =3 IF @) = 5 181 =25l

4
RN 1Q =1
Tuong ty, ta cing c6
2
/ / ) cos Zaka?k )dx| da =2V"'xN ||w||L2(Q
RN 1Q

Bay gio chi § ring

/w(x) sin(a + iakxk)dx

Q
2
N N

= (cos(a))? / w(z)sin(} ~ apzr)dr| + (sin(a / r)cos()  axry)dr| +v(a)

Q k=1 Q k=1

trong dé

k=1

N N
v(a) = sin(2a). /w sin(z akzk)dz./w(x) COS(Z agry)dr
Q Q k=1

Do v(—a) = —v(a) v6i moi a € R*, ta cé [ v(a)da = 0. Vay
R

2
N
// s1n(a+2akxk)da: do
RN |Q k=1

P . —-1_n 2 — 2
= (cos(a))”.2V 7" wl|7 ) + (sin(a))® 2V " w| 1oy = 28 N wl|72(g) -



1.4. Bai toan khong chinh va van dé chinh héa

Nhiing bai toan phuong trinh dao ham riéng (dic biét 1a nhiing bai todn ¢ ngudn
gdc ti vat 1Y) thudng c¢6 dang tim nghiém tit di liéu cho trude. Xuat phat ti ¥ nghia
thuc t& ctia bai toan, theo Hadamard (xem [10], muc 1.2), mot bai todn duge goi 1a chinh
(well—posed) néu c6 ba tinh chat

e Tinh tdn tai (existence): bai todn c6 nghiém.
e Tinh duy nh4t (unique): bai todn c6 nhiéu nhat mot nghiém.
e Tinh 6n dinh (stability): nghiém phu thudc lién tyc vao di lieu.

Mot bai todn duge goi 1a khong chinh (ill—posed) néu thi€u mot trong ba tinh chat
trén. V& mit toan hoc, viéc tdn tai nghiém c6 thé dat dugc bing cich md rong khong
gian nghiém. Ching han, ¥ tudng tim nghiém theo nghia phan bd (distribution) ctia
phuong trinh dao ham rieng 13 mot vi du. Né&u bai todn c¢6 nhiéu hon mot nghiém thi
thudng 1a thong tin vé nghiém bi thi€u, va bing nhiing thong tin bd sung ta s& thu
dugc nghiém duy nhat. Yéu cAu quan trong nhat 1a sy 8n dinh cta nghiém, bdi néu
thi€u diéu nay nay thi mot sai s6 di nhd cia di lieu cing ¢6 thé din t6i mot sai s6
16n cta nghiém. Diéu nay [Am cho ching ta khong thé nao tinh dugc nghiém (du la
xap xi), bdi moi dit lieu c¢é duge do do dac déu phai di kem véi sai so.

D€ khic phuc tinh khong chinh ciia bai toan, ta phai thuc hién cong viéc chinh
héa (regularization). D€ d& hinh dung, ta hay gid st bai toan dit ra nhu sau: néu cé di
lieu chinh xac I, thi ta sé ¢6 duy nhat mot nghiém chinh xéc 1a w,,, tuy nhién ta chi
c6 di lieu xap xi I. va nhiém vu clia ching ta 1a ti di ligu xap xi I. phai xay dung u.
xap xi v6i nghiém chinh xéac u.,. T4t nhién, cich dit u. 1a thy ¥ va khong nhat thiét
thda man bai toan ban dau tng véi di ligu I..

Mot cach chinh x4c, ta ¢ cac dinh nghia sau.

Dinh nghia 1.8. Cho hai khong gian dinh chudn X,Y va mot énh xa K : X — Y
(tuyén tinh ho#c phi tuyén). Phuong trinh Kz = y dugc goi 1a chinh néu ba tinh chat
sau dugc thoa

L. Ton tai: v6i mdi y € Y déu c6 it nhat mot x € X thda man Kz = y.

2. Duy nhat: v6i mdi y € Y déu c¢6 nhiéu nhat mot z € X thda man Kz = .

3. On dinh: néu Kz, — Kz thi z,, — .

Phuong trinh dugc goi 1a khong chinh né&u thi€u it nhat mot trong ba tinh chat trén.

Dinh nghia 1.9. Cho hai khong gian dinh chudn X,Y va mot &nh xa K : X — Y
(tuyén tinh ho#c phi tuyé&n).

e Mot 1oi gidi chinh héa ciia phuong trinh Kz = y 12 mot ho cic 4nh xa Rs : Y —
X, 6 >0, sao cho (lsii%Rng — x,Vr € X.

e Mot tham s& chinh hoa § = §(e) goi 1a chap nhan dugc n€u v6i moi y, y. théa man
||ye - Kl‘||y < g, Ve > 0, thi lir%Ré(e)ye = .
E—>
Tu dinh nghia, ta thay ring d€ c6 thé xay dung mot 151 gidi chinh héa cho phuong
trinh Kz = y thi truc hét K phai I3 don 4nh. Do d6, mot nguyén tic chung 1a phai
chiing minh tinh duy nhat truc khi xay dung 1o gidi chinh hoa.
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Chuong 2
CAC KET QUA CHIiNH

2.1. Phat biéu bai toan

Cho Q = (0,1) x (0,1) va T > 0. Ching ta xem xét bai todn tim mot cdp (u, f)
théa man hé phuong trinh
0%,
8t2

=ty + O ) odiv() + (1) (). V) € {1,2) )

véi (z, )EQX( T), & day ,u,)\lacachéngsdthdcthoaman,u>0va)\—I—Q,u>0
Vi bién cda vat thé dan hdi bi gitt cd dinh nén ham u = (u1, up) thda man diéu
kién bién

Hon niia, ciac diéu kién dau va cudi dit [én u duge cho trén Q
(u1(z,0), uz(z,0)) = (uo1(x), uo2()),
ou ou . .
(G 0. 520 = (o) lo, 3
(w1 (@, T),ua(z, 1)) = (ur1(z), ura()).
Cudi cting, stic cing bé mit duge cho trén 00

(4)

nioy + net = X,
Noo9 + N7 = Xg.

N

Ching ta s& gid st di liéu cda he (1) — (4) 1a
I = (¢, X, uo,ug, ur) € (L'(0,7), (L'(0,T, L'(99)))*, (L' (Q))*, (L' ()%, (L'(2))?)

duge cho khong chinh x4c bdi ching la di ligu do duge. Khi d6, hé (1) — (4) thudng
13 v6 nghiém, hon nita n€u nghiém ton tai thi né cling khong phu thudc lién tuc vao
dt lieu. Do d@6, cong viéc chinh héa la can thiét. Goi I, 13 di liéu chinh x4c Gng véi
nghiém chinh xdc (n6i chung 1a khong bi€t) cia he (1) — (4) , thi tu da lieu 7. duge
cho xap xi I.,, ching ta s& xay dung mot nghiém chinh héa f. (khong nhat thi€t théa
man heé (1) — (4)) xap x1 fes -

2.2. Cac két qua chinh



D& cho gon, v6i mdi € = (£,&),¢ = (¢, &) € R? ta dit €-¢ = £¢G + &G va
6= vEE \

Truc hét ching ta c6 B dé sau.
B6 dé 2.1. Gid situ € (C2([0,T]; L*(Q)) N L2(0,T; H2(Q)))% f € (L*(Q))? théa man hé
(1) — (4) ung véi dit liéu 1. Thi véi moi o = (ay, az) € R*\{0}, ta ¢

2D(I)./fj(x). cos(a - z)dx = g;(1),

vdi méi j € {1,2}, trong do
D(I) = DI(I)'D2(I)>
2
gJ(I) | |2(QJD2( )h'O_I_Dl(I)h'J)a

Vi

Dy(I)

/gp(T —t)sin(y/ A + 2u o] t)dt,

T
/gp —t)sin(\/i || t)dt,
0
ho(I) = —sin mmw)./(a-ug).cos(a-x)dz
0
—l—m.|a|./(a-u;p).cos(a-x)dz
0

—\/)\—|—2,u.|a|.cos(\/)\+2,u|a|T)./(a-u0).cos(a-x)dz

_//sin(\/)\+2,u|a|(T—t))(a-X).cos(a-z)dwdt,

0 9Q

h;(I) = —sin(\/p|a|T). / (|a|2u3j —aj(a-uy)). cos(a - z)dx

Q

++/1- . / (|afur; — aj(a - ur)). cos(a - z)dx

—V/-| ). cos(v/pl | T'). / (Ja)*uo; — aj(a - up)). cos(a - z)dx

Q

—/ sin(y/pla|(T — 1)) (|a]*X; — aj(a - X)). cos(a - x)dwdt.

0 9Q

10



Tu B8 dé trén, ching ta thay cAn phai khao sat ham s&

T

:/gp(T—t)sin(\/)\+2u|a|tdt /gp — t)sin(y/1t || t)dt.

0

Cé thé thay bing tryc gidc ring bai todn cta ching ta khong 8n dinh tai lAn can cac
khong diém ctia ham nay. Tuy nhién, st dung ¥ tudng tii Theorem 4 ctia [17] vé tinh
chdt ctia ham gidi tich, ta s& chi ra n€u p # 0 thi D(I) khic 0 hau hét trén R?, hon
nia tAp hgp ma D(/) "gan 0” [a "kh4 nhd”. Ta 6 két qua sau.

B6 dé 2.2. Cho 7,q la cdc hing sé duong, ¢, € L'(0,T)\{0} va D(¢,7): R? — R

D(go,7)(0) = / colt) sin(v/7lalt)dt

Thi D(po,T) # 0 vdi a.e o € R% Hon nita, néu ta ddt

¢ In(e")

T )y e

thi dé do Lebesgue ciia tdp hop
B(Qp(b T, 5) = {Oé € B(0> R€)> |D(Q00> T)(Oé)| < gq}
nhé hon R-' véi e > 0 di nhé. O day B(0, R.) la qud cdu mé trong R® .
T BS dé 2.1 va BS dé 2.2 chiing ta c6 ngay két qua sau day vé tinh duy nha't nghiém.
Dinh ly 2.1. Cho u,u* € (C*([0,T]; L*(Q)) N L*(0,T; H*(Q)))?, f, f* € (L*(Q))2 Gia
) —

sit (u, f), (u*, f*) déu théa man hé (1) — (4) #ng vdi cing mot dit liéu I véi ¢ # 0. Thi

(u, f) = (u", f7).

Bay gid goi (e, fer) 12 nghiém chinh x4c cta hé (1) — (4) dng v6i di liéu chinh
Xac Iy = (Pery Xew, u§”, uie®, us*). Ching ta sé ludn gid si ring
(e forr pex) € ((C2(0,T); L) 0 LA((0, T); HA())* (L)%, L' (0, T)\{0})

Khi d6 theo BS dé 2.1 thi véi mbi j € {1,2} ta co

F(Fe)(@) = 2 [ frel) cos(ar- o = S50

véi ae a € R% O day g;» D dugc dinh nghia nhu trong BS dé 2., f;»em : R? — R xac
dinh béi fiex(z) = X(Q) fjex() + X (=) fjex(—2), x ki hiéu cho ham dic trung cida tap
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hgp, va F ki hiéu cho bi€n d8i Fourier trong R2.
Cho da ligu xap xi I. = (¢, X, ug, uf, ur) thdéa man

||80 - SDemHLl(o,T) <& ||X; - X;mHLl(O,T,Ll(aﬂ)) <&, [|uo; — uS?HLl(Q) <é

*exr

=05 oy S & lJurs —ul| o) S8 Vi€ {12}

(6)

Chiing ta sé xay dung mot nghiém chinh héa f. = (fic, fo-) ¢6 bi€n d&i Fourier 1a

g;(Ic).D(Ic)

F(fje)(a) = x(B(0, Re))-m

v6i a € R%trong d6 cac tham s6 duge chon nhu sau

we o, g In(eT!)

b= e = T Tn(in(e D) ™

1
q= 77
Ching ta ¢6

Pinh ly 2.2. Cho (uex, fez) la nghiém chinh xdc cia hé (1) — (4) wng vdi di# liéu chinh
xdc Iy . Néu (Uey, for) thda man (5) thi tir di ligu xdp xi I. théa man (6), ching ta cé
thé xay dung mot nghiém xdp xi f. € (C(Q))? sao cho vdi j € {1,2} thi

lii% 1 fie — fjeer(Q) = 0.
Hon nita, néu gid sit théem rang f.. € (H*(Q))? thi véi j € {1,2} ta c6 ddnh gid sai sé

Ly In(ne))
1ie = Fieo 2oy < 49¢T <66 | Fex 1 + (27) 2) ey

vdi € > 0 du nhd.

2.3. Chiéing minh cac két qua
Ching minh B6 dé 2.1. Liy a = (a;,a5) € R? va G = cos(a - z). Chi § riing
v6i mbi j € {1,2}, phuong trinh thd j ctia he (1) c6 thé viet lai

O*u;  Odoj 0T
TER P PR A OIS

v6i k= {1,2}\j. Lay tich vo6 huéng (trong L?(2)) phuong trinh nay véi G va st dung
diéu kien (2), ta c6

d oG
ﬁ/ujG: /(nj0j+nkT)de_/Uja—%dI /T—dx—l—go /fdex

0 o9 QO 0 ®)
= /Xdew — ulal’ /ude:E — (A + ), / (- u)Gdx + go(t)/ijda?.
o9 QO 0 QO

12



Nhan (8) véi aj, rdi 18y tdng theo j = 1,2, ta nhan duge
%/(O"“)Gdl‘:/(O"Xde_(H?u)lalz/(a-u>Gda:+so(t)/(a-f)de. )
0 o9 Q o

Nhan (8) véi |a|? va nhan (9) véi —a;, rdi 14y téng, ta dugc
j

% / (la)?w; — aj. (o)) Gdx = / (laof* X; — a;. (- X)) Gdz
Q o0 (10)
—u|a|2/ (laf® uj — aj. (a - u)) de—l—gp(t)/(|a|2fj —a. (- f)) Gdz.

QO
Bay gio ta quan sat (9) va (10) nhu la cdc phuong trinh vi phan c6 dang
y'+ 0’y = h(t), (1)

trong d6 7 1a mot hiing s6 thuc va y(0), v'(0), y(T') da cho trude. LAy tich vo hudng
(trong L?(0,T)) ctia (11) v6i sin(n(T — t)), ta cb

T
~ (O)sin(aT) + nu(T) = ny(0)cos(uT) = [ BT 1) sinGt). (1
0
Ap dung (12) vao (9) véin = /(A + 2u)|a| va y = [ (- u).Gdz, ta duge
Q
DuD). [ (- 1).Gde = (D), (13)
Q

trong d6 D1 (I), ho(I) dugc xac dinh trong phéat bi€u theo B dé 2.1.

Tuong ty, 4p dung (12) vao (10) v6i n = /ulal va y = [ (Ja]*u; — oy.(a - u)).Gdz, v6i
Q
j €{1,2} ta dugc

Dy(1). / (la2; — (e~ £)).Gdz = hy(I), (14)

trong d6 Do(I), h;(I) dugc xac dinh trong phat bi€u theo BS dé 2.1.
Nhan (13) v6i a;D2(I) va nhan (14) v6i D;(1), rdi ldy t6ng, ta thu dugc k&t qué
cia BS dé 2.1.

Ching minh B6 dé 2.2. Dit 5y: R — R

po(t) e (0,T),
&O(t) = 5 _QOO(_t) te (_T> 0)>
0 t¢(-T,7)
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vag:C —C

00 T
() = / e "5y (t)dt = / e g (t)dt.
—00 -T

Thi ¢ 1a mot ham nguyén (theo Dinh 1y 1.9), hon ntta D(pg, 7)(a) = id(y/T|al). Vi
o #Z 0 nén bi€n ddi Fourier (trén R) ctia nd ciing khac 0. Do d6, ¢ 1A mdt ham nguyén
khong dong nhat bing 0. Suy ra tip hop khong diém clia né 1a hitu han hoic d€m
dugc (theo Binh 1y 1.6), va ndi rieng ta c6 D(pg, 7)(a) # 0 v6i ae o € R%

bé danh gia do do clia B(ypo, 7,¢), chiing ta s&¢ dung Dinh Iy 1.7. Do ¢ 1a mot ham
nguyén khong ddng nhat bing 0 nén tdn tai 2o € (0,1) sao cho |¢(20)] = C; > 0. Ta
dit ¢ : C = C

9z + 2)
¢1(Z) - Cl .
Thi ¢; 1a mot ham nguyén, ¢;(0) = 1, va v6i mdi z € C, |z| < 2¢eR,
T T
Culon@) = | [ e g0 < . [ 1Zo)] de = M el
T -T
Véi e > 0 &G nhd, 4p dung Dinh Iy 1.7 v6i R=R. + 1 van= VT , ta co
8T RR?
1207é3
In|éy(2)] > — [In((R. + 1)R2) + n(Z227 | |2¢T(R. + 1) + In Ieollzrory
VT i
gq

> —7eT.R.In R. — In(C}) > —qIn(e™") — In(C}) = ln(C ).

1
v6i moi |z < R. + 1 ngoai trtt mot tp hop cac dia {B(zj,7;)}jes c6 tdng cdc ban kinh
Yori<nR = 8;/;?.

Do d6, ta ¢6 |¢(2)| = Ci.|d1(z — 20)] > €7 v6i moi |z| < R. ngoai tri tdp hop
'UJB(Zj + z0,7;) . Suy ra B(go, T,¢) chia trong tap hgp 'UJ B;, v6i
JE JjE

Bj ={a € B(0,R.), |\/T|o| — y;| < i}

va y; = Re(z; + 29).
Né&u Y; > \/’7_'R5—|—’f’j thi Bj = (). N&u Y; §7’j thi Bj C B(O,%), nén m(BJ) <
Né&u Ty <Yy < \/’7_'R5—|—’f’j thi

B CB (0’ yj\;r;j) \B (0’ yj\;;j)

m(y; +1;)? _m(y — r;)? _ Amyry < AT (/TR + 15)71;
T T T~ T '

m(B;) <
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Vay ta ¢o

m(Blp,me) <3 47T(\/;R; i 3 47%

47TR Z )2

4 R 1
4 \/_ ‘|‘ ( \/7_- )2 <
\/_ 87R? T 81R? R.
v6i e > 0 di nhd. BS dé 2.2 duge chiing minh xong.

Ching minh Pinh ly 2.1. Dit w = v —u* va v = f — f* thi (w,v) théa man he
(1) — (4) Gng véi di lieu

I'=(p,(0,0),(0,0),(0,0), (0,0)).
bDit 7 : R? — R dinh nghia bdi v;(z) = x(Q)v;(z) + x(=Q)v;j(—x). Do BS dé 2.1, véi
mdi j € {1,2} va a € R*\{0}, ta c6

D(I).F(v;)(a) = 2D(1). /vj(x) cos(a - z)dx = g;({) = 0.
0
Ap dung B8 d& 2.2 v6i po(t) = o(T —t), ta duge D(I) # 0 v6i ae o € R2 Do dé
F(v;) =0, va né kéo theo v; = 0. Vay v = (0,0). Suy ra w théa méan
0w :
Fr pAw + (A + p) V (div(w)) . (15)
Lay tich vo huéng (trong (L*(2))?) cta (15) va dw/0dt, ta dugc

L d : pd _Atw d
j=1 J=1

2
Tich phan déng thic nay trén (0,1), ta c6
2 2

Z 1) VWil e + A+ ) i (w)][Faq) = 0 (16)
Jj=
(0

8w3

L2(Q)

8w3

L*(Q) j=1
v6i moi t € (0,7). Dung didu kién (2), ta c6
2

, ow; Owy Ows
ldiv(w) 2 = S| 22| o [ 2w Ous
L2(Q) ; 02; {| 120 01 Oz
. 2 8wj 2 8w1 8w2
B o ey e e
=1 al’j L2(9) 2 81’2 81’1
2
B /A (. ‘% 2 ‘% 2
o1 07; | 12(0) 072 || 2 921 || 12(q)
2
=D IVuwslza0)-

<
Il
-
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Do 1> 0 va XA+ 2u > 0, bat déng thic trén din dén
2
MZ IVw; Iy + A+ 1) l[div(w) | 72q) > 0.

Tu (16), ching ta thu duoc Ow /0t = (0,0). Ma w(z,0) = (0,0) nén diéu nay ching t3
w = (0,0). Dinh Iy ching minh xong.
D€ chiing minh k&t qui chinh héa, chiing ta cAn mot s6 BS dé chuin bi.

B6 dé 2.3. Cho (s, feor) la nghiém chinh xdc ciia hé (1) — (4) tng véi dit liéu chinh xdc
I.. théa man (5), va di¢ liu xdp xi I. théa man (6). Sit dung cdc tham sé dinh nghia &
(7), ta dat

G, (L) = x(B(O,RE».%.

Thi véi méi j € {1,2} ta cé G;(I.) € L'(R?*) N L?(R?), hon nifa ton tai mot hing sé Cj
chi phu thudc 1., sao cho vdi moi € € (0,e¢) ta co

Gj(IE) - F(Eem)
< X(B(0, R)CoRee F* + 2(B) | freo 0y + X(RA\B(O, Ro)) | F(fi)
trong dé B. = {a € B(0, R.), |D(I.;)(a)| < £%}.

Y

Ching minh. DAu tién, ta chi ra ring ton tai mot hiing s6 Cy > 0 chi phu thuoc vao
I, sao cho v6i moi € € (0,e7¢), r > ro = ¢q/(97), j € {1,2},

1Dy < Co
||D(I€)_D(Iem)||LOO(R2) < Cse
9l pmpomy < Cor
||gj(I€)_gj(Iem)HLoo(B(Oﬂd)) < Chyre.

Nhéc lai 1a Di(1), Do(1), ho(I), hj(I) dugc xac dinh theo BS dé 2.1. Ta c6

| Di(Lex)| < ||906m||L1(0,T)>
|Di (1) — Di(Lex)| < [lpe — SperHLl(o,T) <¢,

N

v6i moi a € R? va k € {1,2}. Suy ra |D(Ie)| < [|eall 7101y V2
|D(I€) - D(Iem)|
= |D1(I€) - Dl(Iem)| . |D2(I€)| + |D1(Iem)| . |D2(I€) - D2(Iem)|
< 5-(||906m||L1(0,T) +e)+ ||906m||L1(0,T) €< (2 ||906m||L1(0,T) +e%)e
Bing céch tinh todn tryc ti€p, ta c6 a € B(0,7)\{0} thi

|%’h0( L)| < Csrlal®,
jj(ho(I2) — ho(Ie))] < Chrlaf”e,
|hj(lex)| < C3T|O‘|2>

|hi (1) = hi(le)] < Cyrlal’e,
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v6i mdi j € {1,2}, & day C3 1a mot hiing s6 chi phy thudc vao I,. Do d6

|ajh0(£6$)|‘ |D2(Iem)| + |hj(162m)
[e1 [e1

|gj(Iem)| < : |D1(I€m)| <20 ||S06m||L1(07T) r

- 9,(1) — gL
< |C¥j(h0(Ie) - hO(Iem))| |D (I )| + M. |D2(I€) — Dg(]em)|

2 s 2\ le 2

|| [e1
hi(1) — ho(Les hy(L
|| ]

< Cyre. (||gpem||§1m n 5) + Cyre + Cyre. (||gpem||§1m n 5) + Cyre

|D1( ) Dl(Iem)|

< 204 <||gpem||il(0T +e ¢+ 1) Te.
Trd lai BS dé 2.3, v6i mdi j € {1,2}, ta c6 G;(1.) € L'(R?*) N L?(R?) bdi vi gié clia
G;(I.) chia trong B(0, R.) va G;(I.) € L=(R?). Hon nita
Gj(IE) - F(Eem)
g;

D) gi (Lew) D(Iea)
+ (D) 6.+ (D(I))?
9 Iea) Dew) g (ex)
+(D(I,))*> D)

+X(RQ\B(0,Re)) F(Fie)|

< X(B(O,Re))

+x(B(0, R ))

Chiing ta s ddnh gi4 tiing s6 hang & v& phii. Ta c6

gj (L) DU:)  gjex) DUex)
+(D(I.))* 6+ (D(Ier))?

<6 |gJ( ) ( )_gj( )D(Iem)|
2))°)

= (0 + (D(L))°) (0: + (Dex)
L PU)]- D) Igy (Ic) D(Lew ) gy (Lex) D(I2)|
(0 + (D(LL))°) (3 + (D))
< lg; (1) D{L) — ( ) (Lex)| Igy( e) DUex) — g5 (Lew) D)
- 55 e '

Néu € € (0,e7¢) thi R. > rg, do d6 v6i moi a € B(0, R.) ta c6

|gj (IE)D(IE) — Gj (Iem)D(Iem)|
< |gj(Ie) - gj(Iem)| : |D(Ie)| + |gj(Iem)| : |D(Ie) - D(Iem)|
< CyRe.(Co+¢€)+ CyR.e
< (C2+1)*Ree,
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va tuong tuy
|gj(I€)D(Iem) - gj(Iem)D(Ie)| S (02 + 1)2R65-

Do d6 v6i moi € € (0,e7¢) ta c6 thé danh gia s& hang dau tién

gj (IE) D(IE) 9 (Iem) D(Iem)

2(02 + 1)2R5€
0.+ (D(L))” 6.+ (D(I.))° '

O

X(B(0, R)) < x(B(0, R.)).

Xét s6 hang thi hai, ta cé

9; (Ie) D) g5 (L)
0:+ (D(I.p))* D)

66 |gj (Iem)| ‘
(6 + (D(Ie2))?) - DI

Véi moi o € R? ta ludn c6

O |95 (ea)|

< |9 Ue
(6 + (D(1ex))?) - [D(Lea)|

)
D(le,)

=2 /fjem(a?) cos(a - x)dr| <2 ||fjem||L2(Q) .
Q

Hon nia, trong trudng hop o € B(0, R.)\B: thi

66 |gj (Ie$)| < 66 |gj (Iem)| < 5502R5‘
(0 + (D(ex))?) - [D(Iea)| — |D(Le)]® — €%

Do d6 v6i moi € € (0,e7¢) ta c6 thé danh gia s& hang thi hai

9 (Iee) D(Ir) g, (L)

0:Co R,
55 ‘l’ (D(Iem))z D(Iem) ‘

gba

\(B(O, R.) < 2(B.) | fjeall 2y + X(B(0, R.))

Toém lai v6i moi e € (0,e7¢), we have

(L) = F(Frer)

2(Cy +1)?Ree  0.CHR.
gx(B(o,Re»( ot PRe | 20 )

F2X(B.) [ fieall 2y + XRA\B(O, R.)) |F(Fier)|

6g+1

Chon 6. =e 2 va Cy = 2(Cy + 1)? + Cy, ta hoan t4t chiing minh B3 dé 2.3.
R6 rang [a v6i mdi 5 € {1,2} thi do Pinh Iy hoi ty bi chin Lebesgue ta c6
X(R*\B(0, R.)) ‘F(Eem)‘ hoi tu vé O trong L?(R?) khi ¢ — 0. Tuy nhién, dé€ dua

ra mot danh gid tudng minh thi cAn phdi ¢ thém mot s6 thong tin tién nghiém vé

fe.’E'
St dung Dinh 1y 1.10, ta sé¢ ching minh k&t qua sau day.

B6 dé 2.4. Cho w € HY(Q) va r > w/(2/2). Thi

2

/ /w(a?) cos(a - z)dr| da <

R2\B(0,r) 19

T24/27

r

2
w10 -
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Ching minh. Vi

2

/ () cos(a - z)dxw dOé<Z / / )cos(a - x)dz| do

RAB(0,r) |9 7=y 2/ 10

nén chiing minh s& dugc hoan tdt mot khi ta chi ra v6i mdi j € {1,2} thi

2

241/2 ow ||?
/ /w(a?) cos(av - x)dx| da < \Z—W <||w||ig(m +2 H% ) .
oy 3r/v2 12 e

Ta s& chiing minh cho truong hop j = 1, va trudng hgp con lai tuong ty. Ta ¢

/ w(z) cos(a - x)dz = /1 {w(x)wrlzld@— ow sinfa-z),

(05} 21=0 81’1 (05}
nén
/w(a?) cos(a - x)dx
)
L 2
<3 i d
< w(l, z2) sin(ay + agwe)dra| +
Yo
1 2 2
3 3 0
+— /w(O,xg) sin(aoxs)drs +— v sin(a - z)dx
al 3%
0
Do d6
2
/ /w(a?) cos(a - x)dx| da
jn|>r/VE 12
2
6 ow
§—2//a— sin(a - x)dx| da
)
1 2
3 )
/ —2 //w(l,x2)81n(a1+a2x2)dx2 dov
o
|a1|>7" 0
1 2
3 )
/ —2 //W(O,I'Q)Sln(agl’g)dl’g davs
o
lar[>r/v/2 0
1272 || Ow 6/ 27 9 6v/ 2 9
e me T 1, oy + o 100, )
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L 1
9 )
w(l,xz):/—(%w(x))da:l:/ w(x)+x1—w(x) dry,
81’1 81’1
0 0
ta thu dUQc
1 a )
|w(1wz>|2£/<2|w<x>|2+2}—w<x> )m.
ox
0
Vay
1 a )
w
[1wteP s < 2t 2|32
0 L2(9)
Tuong tu
1
/|w(0,x2)| dxo
0
1] 1 2
- [1[ 5 (- au@)dn] d
= axl 1 )wlT T1 X9
0o |0
1 1 a )
S//<2|w(a?)|2+2 8—Z(x) )dxldzz
00
ow ||?
= 2w, +2‘—
12(9) 801 | 2
Vay ta cé

/ /w(a?) cos(a - z)dr| da

loa|>r/v/2

1272 || Ow 24/ 27 ow ||?
< el * ||w(1,-)||iz<m+‘a—

r Z L2(Q) r 1 L2(Q)

1

24\/577‘ 2 aw
< — <||w||L2(Q) +2 H%

2
L2(9)> .

Ghi chi 1. Bdng cdch twong ti, chiing ta chitng minh dugc ring néu w € H'(Q) va

r>7/(2v/2) thi

/

R2\B(0,r)

B8 dé 2.4 chiing minh xong.

2
16427

r

da <

/w(xl, xo) cos(ay 1) cos(anrs)dr ||w||§{1(Q) .

Q
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Pdnh gid nay cdi thién tryc tiép cdc két qua trong [16].

Ching minh Pinh ly 2.2. Nhic lai ring cic tham s6 ¢, 4., R. dugc xac dinh trong
(7), va G4(I.), B: dugc x4c dinh trong BS dé 2.3. Vi mbi j € {1,2} ta dinh nghia
fie: B2 >R

fie(&) = 12/Gj(lg)(a)ei(§'a)da.

47
RZ

Ap dung B8 d& 2.3 ta ¢6 G,(I.) € L'(R?) N L2(R?) , nén f;. € C(R?) N L*(R?) and
F(f;e) = G;(I.). Lai dp dung BS dé 2.3, Ta c6 v6i moi € € (0,e7¢) thi

F(fie) = F(Jee)
< X(B(0, R))CoRee ™" + 2(B.) | il ey + X(RA\B(0, R)) | P (ee)

(17)

Y

trong d6 Cj 1a mot hiing s6 duong chi phu thuoc I.,. Diéu nay din dén

2

|F(fie) = P(fee)

< 2((B(0, R)) G321 + AX(Bo) | fieal 2oy + 2X(FA\B(0, Ro)) | F(Fer)

2

Vay
~ 2
F je - F jex
|F () = P, o
~ 2
S 2037TR§€1_6(1 ‘l‘ 4m(Be) ||fjem||iz(ﬂ) ‘I’ 2 / ‘F(.fjem) dOé.

R2\B(0,R-)

Véi € > 0 dd nhg, ta c6
20w R % < RT1.

Ngoai ra, vi
B. € ({a € B(0, Re), |Di(Lea) (@) ] < €%} U{ar € B(0, Re), [D2(Ie) ()| < £7%),
ta 4p dung B8 dé 2.2 (v6i o(t) = per (T — t)) suy ra
m(B.) < 2R

Vay véi € > 0 dd nhd thi ta ¢6

~ 2 1 ] ) 2
[P0 = PG|, < 5+ e Wil +2 [ [P dads.
R2\B(0,R.)
Mat khac, ap dung ding thiic Parseval ta dugc
) ~ 2 1 ~ 2
||.fj€ — fjeIHLZ(Q) < fje - fjem 22 = H F(ij) - F(fjem) L2(R2) .
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Vay véi € > 0 dd nhd thi

) 1 [ 1 8 ) ~
Hfje - fjeer(Q) < H E + E ||fjem||L2(Q) +2 ‘F(fjem)

R2\B(0,R-)
Vi F(fiea) € L2(R%) nén tii (18) ta c6 ngay
lii% 1 fie — fjerHLZ(Q) = 0.
Bay gid xét khi fj., € H'(Q). St dung (18) va BS dé 2.4, ta c6

| fie = fiex 220y
1 1 8 5 72V 27 5
S 2 <E + R | fieallz20) + 2-4-T€ [ fiea 151y
, 1\ 1
S (66 ||.fjem||H1(Q) + H E
B 9 1 In(In(e™1))
= 49€T (66 ||f]em||H1(Q) ‘l‘ H) W
vGi € > 0 dd nhd. Dinh Iy ching minh xong.
Ghi cha 2. Chiing ta ciing c6 thé thay R. dinh nghia trong (7) bdi

R. =10 (In(e ™))"

dé xdy dung mét loi gidi chinh héa t6t hon trong truong hop < khong qud nhd.

22
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Chuong 3
Vi DU MINH HOA

Ta xét mot vi dy cu th€ minh hoa cho céc tinh toan 1y thuy&t & Chuong 2.
Xétkhi T=1, 1 =1/12, A = —1/8.

Xét di lieu chinh xéc I, = (p, X, ug, ug, ur) cho bdi

2
7T
= sin(nt
p=3 sin(7t),
X, = %sin(wt). [sin(27x2)ny + sin(4mzy)ns] ,
Xy = %sin(wt). [sin(27x1)ng + sin (4rzs) ny) ,
uo = ur = (0,0),
ug = (wsin(4rzy) sin(27rz,), 7sin(27xy ) sin(4rxs))

N

Thi 10i gidi chinh x4c tuong Ging ctda hé (1) — (4) la

Uep = (sin(mt) sin(4dmzy) sin(2mxs), sin(nt) sin(4rzy) sin(27rz2)) ,

fex = (cos(2mzy) cos(4mzs), cos(dmxy) cos(2mxs)) .
V6i mdin =1,2,3, ..., ta xét di lieu bi nhiu I, = (v, X", ul, uy", u%}) cho bdi

Spn:S0>

T
X=X, +

12vn

X=Xy + # sin(rt). [sin(2nmz1)ng + 2sin(2nmrae)ng) ,

ug = up = (0,0),

sin(7t). [sin(2nmza)ng + 2sin(2nma;)ng) ,

uy” = up + T sin(2nmzy) sin(2nmwzsy) (1,1).

ny/n
Thi 1oi gidi bi nhiéu tuong Gng ctda he (1) — (4) 1a

1
U" = Uey + —=sin(wt) sin(2nmxy) sin(2nmas) (1,1),

ny/n
3

fir = fex + {(g\/ﬁ — Wﬁ) sin(2nmxy) sin(2nmxs) + g cos(2nmxy) cos(2nmxs)| (1,1).
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Ta thay
Spn = S0>

HXn Xem 2

HLl(O T,00) m’

n n
uy = Ug, Up = Ur,

Vi e{1,2},

) \/_
nghia 1a khi n 16n thi di lieu bi nhiéu I,, xap xi di lieu chinh x4c I, theo nghia & (6).
Tuy nhién, ta lai c6 v6i mdi j € {1,2} thi

- 2 5 9 9
jdi fjem

poy 8 dn T

nghia 1a khi n 16n thi 16i gidi bi nhiéu c6 sai s& 16n so véi 10i gidi chinh x4c.

Nhu vay, khi n 16n thi mot sai s6 nhd cia di liéu s& gy ra mot sai s6 16n cda 10i
gidi. Diéu nay ching td day 1a bai todn khong chinh. Do d6 mot sy chinh héa 1a cAn
thiét.

Ta sé x4y dung 161 gidi chinh héa nhu & Chuong 2, trong d6 ta ¢6 sy tuong Gng
e =n~"Y2 Tinh todn cu thé, ta cé

3279 sin <2|\/|—) sin (2@—)
D(,)(a) = 5 5 ,
(In){@) (Ja” = 2472) . (Ja|” — 1272)
g91(1,) () = D(I,)(cr) x (sin(ay)sin(ag) — (1 — cos(ay))(1 — cos(az))) X

y 20&10&2 \/E(OZIOQ + 1277-2(2 B n2))
(a2 —4m?)(ad — 1672) (a2 — 4n2w2)(ad — 4n272) )’

va 101 gidi chinh héa duge cho bdi cong thic

e [ aU)@DI)@)
frula)= [ ST costa- )i

B(0,R»)

trong dé
60 =n""3% R, =10 (In(v/n))"".
Ching han, tuong ting véi e = 1072, ta ¢6
n = 10%, 6, = 0.01389495494, R,, = 39.52948133.
Ta c6 céc hinh vé dusi day vé 1oi gidi chinh x4c fie. , 10i gidi bi nhidu f7; va 15i gidi

chinh héa f7_. Cé thé thay cic k&t qua nay rat phtu hgp véi cac tinh todn Iy thuyét &
Chuong 2.
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Hinh 2. Loi gidi bi nhiéu.
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al

-40-40

Hinh 3. Bi€n d&i Fourier clia 15i gidi chinh xac.

-40-40

Hinh 4. Bi¢n d8i Fourier cta 15i gidi chinh héa.
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