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1 Introduction

There exists fresh water in the Arctic during summer. First, melt water collects
in surface melt pond (melting under the sun) which is the most important reservoir.
Second, melt water can percolate into the ice matrix to form an under-ice melt pond.
At the interface between this fresh water and the underlying salt water, double-
diffusive convection of heat and salt occurs, leading to the formation of underwater
ice called "false-bottoms” (see, e.g, [2, 5, 6]). Note that salt water has the double
properties:

i) it does not freeze even for temperature < 0°C,

ii) it dissolves ice when it is in contact with ice.

Thus false-bottoms is a layer of ice, which relatively protects the fresh water from
being mixed into the underlying salt water. Such false-bottoms is the only significant
source of ice formation in the Arctic during summer.

Arr surface melt pond
Ice floe
f
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Sea water (Oc) Under ice melt pond (Wa) Ice forming (False-bottoms)

Figure 1: Ice formation in the Arctic during summer.

The main difference between the false-bottoms case and the normal sea ice case
is the presence of the growth at the upper interface of the first one.

1.1 One-dimensional model

We consider a one-dimensional model describing the simultaneous growth and
ablation of the ice of false-bottoms. Here we have three environments: the ocean (Oc),
the ice of false-bottoms (Fb) and the fresh water (Wa). Denote by T'(x,t), S(z,t) the
temperature and the salinity, and denote by hg(t), h,(t) the free boundaries at the
interfaces ice-ocean (Fb-Oc) and ice-water (Fb-Wa), respectively.
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Figure 2: The one-dimensional model.

At the interface Fb-Oc, we apply the first principle of thermodynamics, i.e.,
AU = AP

(variation of energy = variation of heat flux through the interface).
The net amount of heat transferred through the interface Fb-Oc in a section s is equal

to
AU = —dhop[LfS,

where p; is the density of the ice and Ly is the latent heat of fusion. On the other
hand, the difference of the heat fluxes through a section s in the ice and the ocean

during a time dt is
T T
AD = [ =)\, 8_} + Ao a—} sdt,
O | iy 9T | oc g

where A\;, Ao are thermal conductivities of the ice and the ocean. Finally, the law
of conservation of energy, i.e. AU = A®, leads to the Stefan condition for the heat
balance at the interface

AT - ar
o= -Reg| L1
Z | Fb,hg L 10eho
where \ \
A= xo =22
"Ly 0T pily

For simplicity, we can neglect the salt of the ice of false-bottoms. The water near the
interface Fb-Oc is a mixture of melt water, which melts from the ice of false-bottoms,
and sea water. This water freshens at the rate

So(t)ho(t),
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while salt diffuses into this water at the rate

%]
a$ Oc,hg

where Sy(t) = S(ho(t),t) is the salinity of the ocean at the interface and D is the
molecular diffusivity of salt in sea water. The balance of salt at this interface leads
to the conservation condition

‘= _p
So(t)hh(t) = —D &E]OMO. (1.2)

The establishment of these equations bases on Martin and Kauffman [5] and Notz et
al. [6].

At the interface Fb-Wa, we use the simplified scheme in [4], in which the temper-
ature of the water in the under-ice melt pond is kept at 0°C. In particular, it leads
to the boundary condition at the interface

T(ha(t),t) = 0. (1.3)

Furthermore, due to the neglect of heat fluxes from the fresh water above the false-
bottoms, a thermodynamic condition similar to (1.1) reduces to the Stefan condition
at the upper surface
~ 0T
Rl (t) = A —] . (1.4)
9z | gy,
Equations (1.1),(1.2),(1.4) form a closed system in connection with the diffusion
equations for heat and salt in the ice and in the ocean

8T] 82T]
| =D =L, halt) > 2> holt), (1.5)
ot | 1y 0x? | py
8T] 82T}
| =Do==| , ho(t) >z > —o00, (1.6)
It | o0 0x? | 5,
and 9 929
E] N =D w} . ho(t) >z > —o0, (1.7)

where D; and Do are the thermal diffusivity. Here all constants are positive.
The problem is of finding (hg, hy, T, .S) from the system (1.1)-(1.7), where T' =
T (x,t) with hy,(t) >z > —oc and S = S(x,t) with ho(t) >z > —oc.

1.2 Numerical solution

Now we consider a special solution (hg, hy,T,.5) of the system (1.1)-(1.7), which
is useful for physical application. Assume that we have known the initial conditions
ho(0) = 0, hy(0) = ap > 0, and the far-field information 7'(—o0,t) = T_.(t) and



S(—00,t) = S_(t). Moreover, we shall use the freezing-point relationship between
the interface temperature Ty(t) and the salinity Sp(t)

To =~ —m.Sy, (1.8)

where m = 0.054°C psu~'. This is an approximation for the liquidus temperature [6].

The brief idea is as follows. We shall find special solutions of diffusion equations
(1.5)-(1.7) under the form of functions in term of 57 only. Under this form, the
solutions 7" and S are determined completely in term of the free boundaries ho(t), ho(t)
and the boundary conditions (7", 1o, S—c0, So). Moreover, Sy is determined from T}
by the relationship (1.8). Therefore, the original problem of finding (hg, hy, T, S)
from (1.5)-(1.8) reduces to a problem of finding (ho(t), h.(t), To(t)) from a system of
nonlinear differential equations.

To go into the details, by a change of variable we first choose t; > 0 small, and
then consider the problem for ¢ > ¢y and hy(ty) = 0, h,(to) = ag. We shall now find
a solution of the heat equation (1.6) under the form

~ T

T(x,t)=T(w), v= Nivh

By direct computation, one has

oT x ~ oT 1 ~ 0°T 1
T — =
(,U) ’ 81’2 4Dot

il — = =_ -
ot 4v/Dot3/? (v), or  2/Dot

Therefore (1.6) reduces to

i~ -~ ~ /
20T"(v) +T"(v) =0, that is (T’(v)evz) = 0.

Thus T"(v) = Ae™", where A is independent on v, and hence

orT 1 =~ A 2
—_— = Z / = -v .
(%) 2v/ Dot ()

ox 2\/Dot6

To find A in term of (7T_., 1o, ho), we use the boundary conditions T'(ho(t),t) = Ty
and T(—o0,t) = T_ as follows

ho(t)
hO(t)aT hO(t) 2,/Dot
a 2 9
T_T—OO: —d —= 7_vd :A —’Ud‘
0 or Xz / 2\/D—Ot6 T / e v
Introduce the function
F(z) = / e dr = = 4 Zerf(x).
2 2
Then 2
_ (0]
8_T} 0 ememey . To— T P ( 4Dot) (1.9)
ox 2/ Dot 2/ Dot h :
Oc,h (@] o) F (2—D00t)



Similarly, we find solutions of equations (1.7) and (1.5) under the form S(z,t) =
S(v) and T'(z,t) = T(v), v = 507 Tespectively. Equation (1.7), with the boundary
conditions S(hg(t),t) = Sp and S(—o0,t) = S_, gives

oS 50— 50 (—15)
} - (1.10)
Oc,hg

o™ B 5 (o)

and equation (1.5), with the boundary conditions T'(hg(t),t) = To(t) and T'(h,(t),t) =
0, gives

_ 5
oT T P\~ 17
2 P A B
. (L11)
o1 o o)
0z ~ o/Dit he )
A WDIE (o) - F ()

Substituting (1.9), (1.10), (1.11) into (1.1), (1.2), (1.4), and using (1.8) to replace Sy
by —Ty/m, we obtain

rh/ (t)_)\ T exXp <_47)31t) ~ TO T exp( 4D§)t)
IQEF( ;g_lt) F(z’%lt) 9 2y/Dot F(who—)

(1) (1*m%m)iﬁiiigsx (1.12)

T S ] 1)

(7T ) ()

Solving this nonlinear system, we get a numerical solution of (ho(t), hy(t), To(t)). To
go into the details, we eliminate hj(¢) in the two first equations of (1.12) to get

A(t, ho, hy)Tg + B(t, ho)To + C(t, ho) = 0

where

~ _ Y ~ _ 4
s eXp \ —ip, Mo P\ " 1Dot

Alt,y1,y2) = \/_F<w_) F<2 yglt) VDo F<2¢yll77) |

~ i i
ot (i) e (i)
B(t’yl) _ o) 4Dot i \/5 4Dt

VPo F (s F(atm)
C(t,yl):—\/ﬁmS_ooeX <_%).




Note that A(t, ho, hy) < 0 (since hg < hy,) and C(t, hg) > 0 . Thus, Tp is the unique
negative solution of the latter equation and is given by

To(t) _ —B(t, h(]) + \/Bz(t, h(;)AA— 4A(t, h(], hu)C(t, h(]) ‘ (113)

Replacing (1.13) into the first and the third equations of (1.12), we get

ho(t) = La(t, ho, ha), t >0,
?() 1(t, ho, hy), t> "
h'u(t) = L2(t7 h'(b h'u), t > 0,
where
—B(t B2(t,y,) — 4A(t O,
Li(t,yr,y2) = (b)) + (’il\)/{ (t,y1,y2)C(t, y1) n

2
~ T . &P <_4glot)
+)\O2\/D t y

1

© F(z—w—ot)

I (‘B(t>yl) + \/Bz(t>y1) - 4A(t,y1,y2)0(t,y1))
Lo(t =
bvnp) = A A yr, 92Dt "

2
exp (17
# (aim) ~ (5m)
It is clear that Q = {(¢,y1,y2) € R3}| t > 0,42 > %1} is an open subset in R® and
Ly, Ly € C*(Q), and hence in particular Ly, Ly are locally Lipschitz in €. Therefore,
from (to,0, ag) € Q2 then the problem (1.14) has a unique maximum solution (hg, h,)

such that ho(tg) = 0, hy(to) = ap > 0, and hy(t) > ho(t). Of course Ty(t) follows
(1.13). We have thus proved the following result.

Y

X

Theorem 1.1. Let T_(t), S_oo(t) be continuous functions and let to > 0, ag > 0
be constants. Then the system (1.12) has a unique solution (ho(t), h.(t),To(t)) in
t € (to, T*) for some T* > tq such that

ho(to) = 0, hu(to) = Qy, hu(t) > ho(t), and T(](t) < 0, YVt € (tO,T*).

Moreover, this solution can be extended uniquely by prolongation whenever the condi-
tion hy,(T*) > ho(T™*) still holds.

Remark 1.1. The system (1.12) can be solved by a numerical routine. Although the
program does not run with the initial condition h,(0) = ho(0) = 0, we can choose
to > 0 and ag > 0 small to simulate the phenomenon from initial time. This situation
is similar to a physical experiment given by Notz et al. [6]. In which, the authors
first put fresh water at 0°C' on top of salt water in order to simulate the evolution of
a false-bottoms, but this model does not take salt transport through the false-bottom
into account. To adjust, they started with a 5-cm layer of ice, which formed on day
15 in the experiment, and let the model run until day 35 of the experiment.
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Here are some figures of a such solution.

0.8

ho,hu

Figure 3: The free boundaries ho(t) and h,(t).
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Figure 4: The freezing temperature Tp(t).

Remark 1.2. In Fig.3 and Fig.4, the functions hg, h, and Ty change rapidly at the
initial time and then increase gradually. This result is compatible with the physical
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background of the problem. The increase of both h,(t) and ho(t) corresponds to the
simultaneous growth and ablation of the ice of false-bottoms. Here, we see the effect of
two properties of salt water: Ty(t) < 0 implies that the temperature near the interface
ho is negative but the sea water does not freeze, and the growth of ho(t) implies that
sea water dissolves the ice when it is in contact with ice.

Remark 1.3. The system (1.12) gives a numerical solution of the system (1.1)-(1.7),
in which the function is dependent only on z/\/t. It is reasonable for a long-term
observation. As known [1], since there are no external length-scales or time-scales
in the problem, the system (1.1)-(1.7) admits a similarity solution depending only on
x//t in unbounded domain. Furthermore, A. Friedmann ([3], Chap.8) said that the
solutions of Stefan problems asymptotically depends only on x/v/t when t — 4o0.

Remark 1.4. In physical applications, ones even assume more that ho(t) = MoVt and
ha(t) = AuV't, for constants X, \u, to keep the analysis simple [6]. Although these
simplicities make the system (1.1)-(1.7) having no solution in really mathematical
sense, they still produce a ”solution” useful for the long term observation. Infact,
the time is longer, our result given in Fig.3 fits better with the laboratory experiment
given by Martin and Kauffman[5] and Notz et al. [6].



2 Existence and Uniqueness

In this section, we consider the problem (1.1)-(1.7) mathematically. We want to
give the existence and uniqueness of the solution (hg, h,, T, S) under suitable data. For
this purpose, it is reasonable to require the initial conditions hy(0), h,(0), T'(z,0) =
T%(z) with hy,(0) > 2 > —oo, and S(z,0) = S°(x) with h(0) > x > —oo. Moreover,
assume that the freezing temperature T'(ho(t),t) = To(t) with 0 < t < ¢ has been
known .

For rigour, we need some assumption on the data as well as a definition of the
solution.

Hypothesis 2.1. Let 0 > 0. Assume that

(H1) ho(0) < hy(0).

(H2) T°(z) is continuous at x = ho(0), x = h,(0)—, and satisfies the compatible
conditions T°(ho(0)) = Tp(0), T°(h,(0)) = 0; T2(x) is continuous and bounded in
(=00, ho(0)) and (ho(0), hu(0)).

(H3) S°(x) is continuous and bounded in (—oo, ho(0)).

(H4) To(t) is continuously differentiable in 0 <t < o.

Definition 2.1. We say (ho, hy, T, S) is a solution in 0 <t < o if

(C1) ho(t), hy(t) is continuously differentiable and h,(t) > ho(t) in 0 <t < o.

(C2) Ty, Tyy is continuous in 0 < t < o, hy(t) > x > ho(t) and ho(t) >z > —oo;
T(x,.) is continuous at t = 0; T'(.,t) is continuous at x = ho(t) and x = h,(t)—;
T.(.,t) is continuous at x = ho(t)—, x = ho(t)+ and x = h,(t)—.

(C3) Sy, Siw 1s continuous in 0 <t < o, ho(t) > x > —o0; S(x,.) is continuous
at t =0; S(.,t) is continuous at x = ho(t).

(C4) The system (1.1)-(1.7) is satisfied in 0 < t < o with the initial conditions
(ho(0), hy(0), T°(x), S°(x)) and the freezing temperature T (ho(t),t) = To(t).

The main result in this section is as follows.

Theorem 2.1. Assume that (ho(0), h,(0),T°(x), S°(x), To(t)) satisfy Hypothesis (H1)
(H4) for some o > 0. Then the system (1.1)-(1.7) has a unique solution (ho, hy, T, S)
in0<t<c* for some c* € (0,0]. Moreover, this solution can be extended uniquely
whenever the condition h,(c*) > ho(c*) still holds.

Our problem is a two-phase Stefan problem with two free boundaries. We shall fol-
low the approach of A.Friedman ([3], Chap.8), which deals with a classical one-phase
Stefan problem with one free boundary. We first reduce the problem to solving a sys-
tem of integral equations with respect to So(t) = S(ho(t)—,t), vi(t) = Tp(ho(t)—, 1),
vo(t) = Tp(ho(t)+,t) and v3(t) = Tp(hy(t)—,t), and then solve this system by con-
traction principle.

2.1 Preliminaries

Let a(t), b(t) be continuously differentiable functions and b(t) > a(t), t > 0. Let
k > 0 be a constant and let u(z,t) be a solution of the heat equation

ou  0%u

E = l‘f;w, t> 0, b(t) > T > a(t), (21)



with the initial condition u(z,0) bounded in (a(0), b(0)).
Introduce the Green’s function of equation (2.1),

where H is Heaviside function,

Hit) = 1, ift >0,
)0, ift<0.

We have the following Lemma to represent the solution of (2.1) from its initial con-
dition and boundary conditions.

Lemma 2.1. Fort > 0 and a(t) < z < b(t) we have

t

u(x,t) = /G(:B,t; b(7), 7) [kue(b(T)—, 7) + w(b(T), 7)V'(7)] dT

—I{/Gg(l’,t; b(7), T)u(b(T), T)dr + K/Gg(l’,t;a(T),T)u(a(T),T)dT

0 0
b(0)
+ / G(x,t;€,0)u(&, 0)dE.
a(0)
Proof. Note that
G: 4+ KkGg =0forall 7 < t, and G(z,t;&,t—) = 0(z — &), (2.2)

where 6 = H’ is Dirac delta function.
Integrating the Green’s identity, here u = u(§, 7),

M (Ga_“ - ua_G) ~ 9 (e =

o8\~ 0¢ o or
over the domain a(7) < £ < b(7),0 < 7 < t, we will obtain the desired result because
t b(r)
ou 0K ou 9G]
[ [ 5 (65 = ) e - / e
0 a(T 0

t

= /G(:B,t; b(T),T)Ug(b(T)—,T)dT—/G(:B,t;a(7‘),7‘)u§(a(7‘)—l—,7‘)d7

—/Gg(l’,t; b(T),T)u(b(T),T)dT—I—/Gg(l’,t;a(T),T)u(a(T),T)dT,

0 0
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and
t b(r)

// 5 (uG) d¢dr

0 a(r)

b(T)
= { ( qu€ UG g b(q— [UG] E=a(m) (T)} dr
0 a(7)

b(7) T

/ uGdE

t

t—
/uGg b(r)D d7‘+/[uG] e—a(r)@ (T)dT

a(T) =0 0 0
b(0) t
— () / G, #:€, 0)u(€, 0)dé — / (. b(r), T)u(b(r), 7 (7)dr
a(0) 0

t

—l—/G(l’,t;a(T),T)u(a(T),T)a/(T)dT.
0
Here we have made use the following equality, with v = uG,

b(T) b(T)
[ 5 ternde = ( / v(&m)azg) = 0(b(r), () + v(a(r), T ().

a(r) ()

In fact, in the case a(t) = 0 we have

b(7)
/a (€, 7)) dt = /H ) o (vl 7)) de

[ 2 00 - 9ute e - [ i) - ote
-2 / H(b dg) [ 860 - et e

b(T
0 /
=2 [ )5)— (). (7).

0

If a(t) is not constant, we can write

b(r) b(r) (r)
[ 5w %—/a (&) / (v(6,7) de,
al(r)

and the desired equality follows. This completes the proof.

11



Remark 2.1. The result in Lemma 2.1 still holds for b(t) = +o0 or a(t) = —oco. For
example, if a(t) = —oo then the fomular in Lemma 2.1 reduces to

t

u(x,t) = /G(:E,t; b(7), 7) [kue(b(T)—, 7) + u(b(r), 7))V ()] dT
t b(0)

—/{/Gg(:ﬂ,t; b(T), T)u(b(r), 7)dr + /G(a:,t;f,())u({,())df.

0 —00
We shall need the following Lemma (see [3], page 217, Lemma 1).

Lemma 2.2. Let p(t) be continuous and let s(t) > 0 satisfy the Lipschitz condition,
0<t<o. Then, for0<t <o,

t t

lim /{/p(t)Gm(l’,t;s(T),T)dT: %p(t) —I—K/p(t)Gm(S(t),t;S(T),T)dT.

z—s(t)~
0 0

Remark 2.2. This lemma gives the jump relation at the boundary s(t). In applica-

tions later, sometimes we need to note that G¢ = —G,. Moreover, for the right limit
we have
t t
1
i [ p(O)G (. 5(), T)dr = = 5p(0) + [ P0G (s(0),8:5(7), T
r—s(t
0 0

Also, we need a simple version of the uniqueness for the system of linear Volterra
integral equations of the second kind.

Lemma 2.3. Letn € N, o >0, p >1,q > 1, 1/p+1/qg = 1. Assume that
7 +— W;(t, 1) is measurable in (0,t) for all t € (0,0] and

t
/|Wj(t,7‘)|p dr < const., YVt € (0,0],7 = 1,n.
0

Then the system

3

J=1

v =Y /Wj(t,f)qu(f)df Wte (0], =Tm,

has a unique solution {W;}7_, =0 in L(0,0).

12



Proof. Using Holder inequality one has

wol < S| [Winumar

. /p ;4 1/q
<y / W, (t, 7P dr / U, ()| dr
J=1 \Q 0
1/q

t
< const.z /|\Ifj(7')|qd7'
Jj=1 0

Therefore,

t t n
Z |W,;(7)|* < const. Z / U, (7)|%dr | = const./ <Z |\Ifj(7‘)|q> dr,
7=1 j=1 0 0 Jj=1

and it follows from Gronwall’s Lemma that 3 [¥;(7)|? = 0. Thus {¥;}7_, =0. O
j=1
Remark 2.3. In later application, we have

const.

(W;(t,7)| <

, J=1n.
t—1T1 J

In this case, we can choose any p € (1,2) in order to apply Lemma 2.3.

2.2 Reduction to integral equations

Denote by G1, G2, G5 the function G in Lemma 2.1 corresponding to x = D, Do, Dy,
respectively.

Applying Lemma 2.1 to equation (1.7) with ho(t) > x > —oo and using condition
So(t)hy(t) + DSy (ho(t)—,t) = 0, one has

t ho(0)
S([L’,t) = _D/Glﬁ(x>t7 h0(7)>7)50(7)d7+ / Gl(x>t7€7 0)5(57 O)dg (23)
0 —00

Thus S(z,t) is determined completely by ho and Sp(t). Taking z — ho(t)— in (2.3)
and using the jump relation in Lemma 2.2, we get

t ho(0)
So(t) = —2D / Ghre(ho(t), £ ho(7), 7)So(7)dr+2 / G (ho(t). £: €,0)S(E, 0)dE. (2.4)

13



Next, apply Lemma 2.1 to equation (1.6) , for ho(t) > =z > —o0,

t

T(x,t) = /Gg(l’,t; ho(T), T) [Dovi(T) + To(T)he(T)] dr

t ho(0) (2'5)
Do / Goe (2, £ ho(r), 7)To(7)dr + / G, 1€, 0)T°(€)de.
0 —00

with

v1(t) = Ty (ho(t)—,1).
We differentiate both sides of (2.5) with respect to z, then take x — ho(t)—. To go
into the details, because DpGae, = —DoGage = Gar, we have

t t

—D0/G2§m(l’,t; ho(T), 7)To(T)dT = —/GQT(ZB,t; ho(T), 7)To(7)dT

0 0
t

=~ [ |55 Galartitil), ) = Gt halr). ()| T

— Gl £ ho(0), 0YTo(0) + / G, : ho(7), 7)TL(r)dr

0
t

- / Gaou(, t; ho(T), T)To(T) hy(T)dT.

0
Moreover,
ho(0) ho(0)
| Gutaetie0r©d = - [ Guloti€ 078
- o)
= —Ga(x,t; ho(0),0)T%(ho(0)) + / Gz, ;€,0)T7(€)dE.

Using the compatible condition Ty (0) = T°(ho(0)), we have, for all hg(t) > 2 > —o0

t

Tu(x.t) = Do / (@, : ho(7), )01 (7)dr

0

t ho(0) (2.6)
—I—/Gg(:v,t; ho(T), 7)T3(T)dT + / Gz, ;€,0)T7(€)dE.
0 —00
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Taking © — ho(t)— and using Lemma 2.1 for the first term, we have

t

v1(t) = 2Do /Ggm(ho(t),t; ho(T), T)vi(T)dT

0

(2.7)
t ho(0)
. / Galho(2). t: ho(r), 7YT(r)dr + 2 / Ga(holt), £€, 0)T2(€)de.

Now we consider the heat distribution in false-bottoms. Apply Lemma 2.1 to
equation (1.5), for h,(t) > x > hy(t),

t

T(z,t) = Dy / (. £ hu(7), 7)vs(F)dr

0
t

— /Gg(a:,t; ho(7), 7) [Drve(T) + To(T)ho (7)) dr (2.8)
. ha (0)

+ DI / G3§(I> t; h0(7)7 T)TO(T)dT + / G3($7 ta 67 O)To(g)dga

0 ho(0)

where

va(t) = To(ho(t) 1), vs(t) = To(hu ()= £) = )\%h’u(t).

Let us differentiate both sides of (2.8) with respect to . We have the same calculation
to (2.5):
t t

D[/Gggm(l’,t; ho(7), T)To(T)dT = /GgT(ZB,t; ho(T), T)To(T)dT
t 5 /
= / {g (Gs(z,t; ho(T), 7)) — Gse(2, ho(T),T)hO(T)] To(T)dT

t

= —G3(x,t; ho(0),0)T5(0) — /Gg(l’,t; ho(7), 7)T4(T)dT

0
t

+ / Gz, t; ho(T), T)To(T) hey(T)dT,

0
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and

R (0) hv(0)
/ G (2, £:€,0)TO(€)dE = — / Gae , 1: €, 0)T(€)de
ho(0) ho(0)
hw (0)
= Gy(a, £ ho(0), 0)T° (o (0)) + / Gl 1; €, 0)TY(E) e
ho(0)

Here we have used the compatible condition 7°(h,(0)) = 0. Using again the compat-
ible condition T%(ho(0)) = Ty(0), we find that

t t

To(x.t) = Dy / G, hul(7), 7)vs(r)dr — Dy / Gan(@, 1 ho(7), 7)va(7)dr

0 0
. o (0) (2.9)

_ / Ga(x, ; ho((r), 7)T(7)dr + / G, 1 £, 0)TH(E) e

0 ho(0)

for all hy(t) > z > ho(t). Taking x — ho(t)+ and = — h,(t)— both sides of (2.9) and
using (Lemma 2.2) one has

t t

va(t) = QDI/Ggm(ho(t),t; hu(T),T)’Ug(’T)d’T—QD[/Ggm(ho(t),t; ho(T), T)ve(T)dT
tO ha (0) "
=2 [ Galtalt) i o). VT)dr 42 [ Gallholt) 6 O/T2(€) e
0 e (2.10)
and
v3(t) = 2D1/G3m(hu(t),t; hu(’T),’T)’Ug(’T)d’T—2D1/G3m(hu(t),t; ho(T), T)ve(T)dT
tO ha(0) "
=2 [ Galtt) tial). Ty )r 2 [ Galhu®). €, 0)TE(E)de.
’ o (2.11)

Four equations (2.4), (2.7), (2.10) and (2.11) form a system of nonlinear integral
equations with respect to Sy(t), vi(t), vo(t) and wv3(t). Here, due to the interface
condition (1.1) and (1.4), one has

t t

ho(t) = ho(0) + A / ve(T)dr — Ao / vi(7)dr. (2.12)

0 0

16



and

vs(T)dr. (2.13)

>
IS
=
I
>
<
=
_|_
>
=
O\&

We thus have proved the direct part of the following statement.

Theorem 2.2. The problem (1.1)-(1.7) in |0, 0] is equivalent to the problem of finding
a continuous solution v = (Sp, v1,v2,v2) in [0, 0] for the system (2.4), (2.7), (2.10)
and (2.11), where hy and h, are given by (2.12) and (2.13) and satisfy h,(t) > ho(t)
in [0,0).

Of course, we only need to prove the converse part of the statement.

Proof. Suppose that v = (S, v1, v2, v2) is a continuous solution in [0, | for the system
(2.4), (2.7), (2.10) and (2.11), with ho and h,, are given by (2.12) and (2.13) and satisfy
hy(t) > ho(t) in [0,0]. Define S(z,t), T'(z,t) by (2.3), (2.5) and (2.8). We want to
check (hg, hy, T, S) satisfies (C1)-(C4).

It is clear that (C1) is automatically satisfied. Because S(x,t) and T'(x,t) are
defined by integral forms (2.3), (2.5) and (2.8), the smoothness conditions in (C2)-
(C3), excepting the continuity of T'(.,t) at © = hg(t), hold. The initial conditions
in (C4) simply follow by getting t — 0+ in (2.12), (2.13), (2.3), (2.5) and (2.8) and
using

lim G(z,t;£,0) = 0(x — &),

t—0+

with G = G1,Gs,Gs. It remains to check equations (1.1)-(1.7) and prove that
T'(ho(t), ) = To(t).

Step 1. We start by prove three diffusion equations (1.5)-(1.7). To prove (1.5),
where T'(x,t) is defined by (2.8) in h,(t) > x > ho(t), we shall verify that each of
four terms in the right-hand side of (2.8) is a homogeneous solution of the operator
(0/0t — D;0?/dz*). This fact is clear for the fourth term due to the property of Green

function,
h(0)

0 92
(E_D’@) / G, t;€,0)T0(€)d¢
o (0)
hw(0) p -
_ 9 0 . . )
N / ((% D’m?) (Gs(z,t;€,0)) T7(§)dE = 0
ho(0)

For the three first terms, we have to be more careful because in general differentiating
t

with respect to ¢ a function of the form ¢t — [ K(¢,7)dT may cause a jump,
0

T—t—

¢ ¢
% /K(t,T)dT = lim K(t,T)—l—/Kt(t,T)dT.
0 0
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However, in this case the jump lir? K(t, ) vanishes due to

lim Gs(x,t;€,7) = lir?_ Gse(x,t;€,7) =0, Vo #¢.

T—t—

Therefore, the three first terms can be treat similarly to the fourth term. Thus (1.5)
holds. And (1.6)-(1.7) can be treated by the same way.

Step 2. Next, we check that S fits the Dirichlet condition S(ho(t)—,t) = So(t),
T fits three Neumann conditions T (ho(t)—,t) = vi(t), Tu(ho(t)+,t) = vo(t) and
T, (hu(t)—,t) = v3(t), and deduce the Stefan conditions (1.1) and (1.4).

Infact, from (2.3) taking x — ho(t)— and using Lemma 2.2 one has

S(ho(t)—,t) = %S@(t) — D/Glg(ho(t),t; ho(T),T)S@(T)d’T

o

+ [ Giha(e).t:6,0)5(6 01
Comparing the latter equation to(2.4), we conclude that S(ho(t)—,t) = So(t).

Differentiate both sides of (1.5) with respect to z and then take x — h,(t)—.
Using the same process of geting (2.11) from (2.8), one has

t

T.(hu(t)—,t) = %’Ug(t) + D[/Ggm(hu(t),t; ho(T), T)vs(T)dT

0
t

D, / Gion(ha(t), £: ho(7), 7)va(7)dr

t " hw (0)
—/%@m¢%mﬂﬂwﬁ+/Gwmmmm@®%
0 ho(0)

Comparing the latter equation to(2.11), we find that T, (h,(t)—,t) = vs(t). Similarly,
T.(ho(t)+,t) = va(t) and Ty (ho(t)—,t) = v1(t). Thus the Stefan conditions (1.1) and
(1.4) follow the definitions of ho(t) and h,(t) in (2.12) and (2.13).

Step 3. Finally, we show that S fits the Stefan condition (1.2), T fits the Dirichlet
conditions (1.3) and T'(ho(t),t) = Tp.

Applying Lemma 2.1 to equation (1.7), for ho(t) > x > —oo and using S(ho(t)—,t) =
So(t), one has

t

S(z,t) = /Gl(a:,t; ho(7), 7) [DSs(ho(T)—, T) + So(7)h(7)] dr

0
—D/G1g(:v,t; ho(T),T)SO(T)dT—I—/Gl(z,t;f,O)S(f,O)df.
0 —00

18



Comparing to the original definition of S in (2.3), we deduce
t
[ Gt titale), s =0, hot) > > —ox,

0

where Uy (t) = DS,(ho(t)—,t) + So(t)hs(t). We next differentiate the latter equation
with respect to x, then take x — ho(t)— and use Lemma 2.2 to get

t
\Ifl(t) = -2 / Glm(ho(t), t; h(](’T), T)\Ifl(T)d’T. (214)
0
This is a linear Volterra integral equation of the second kind with respect to Wy (t),

and
|G 1o (ho(t), t; ho(T), T)| <

It follows from Lemma 2.3 that Wy(¢) = 0. Thus (1.2) holds.
Similarly, applying Lemma 2.1 to equation (1.6), for ho(¢) > = > —o0, one has

t

T(z,t) = /Gg(l’,t; ho(7), 7) [DoTy(ho(T)—,7) + T'(ho(T)—, T)ho(T)] dT

’ t ho(0)
- DO /G2§($7t7 ho(T),T)T(ho(T)—,T)dT + / G2($>t;€> O)To(g)dga
0 —00

Comparing the latter equation to the original definition of 7" in (2.5), and using
T, (ho(t)—,t) = v1(t), we obtain

/ (Ga(x,t; ho(T), T)hG(T) — DoGag(, t; ho(7), )] Wa(7)dT = 0, (2.15)

where Wy(t) = T'(ho(t)—,t) — To(t). Taking x — h,(t)— in (2.15) and using Lemma
2.2, we find that

t
Uy(t) = 2/ (Ga(z,t; ho(T), T) R (T) — DoGag(, t; ho(T), 7)] WaT)dT. (2.16)
0
This is a linear Voterra integral equation of the second kind. Since
const.

\/t—T’

it follows from Lemma 2.3 that (2.16) has a unique solution Wy(t) = 0. Thus
T(ho(t)—,t) = To(2).

|Ga(, £ ho(7), 7)o (7) — DoGag(, 1 ho(T), 7)| <
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Applying Lemma 2.1 to equation (1.5), for h,(t) > = > ho(t) and comparing to
the original definition of 7" in (2.8), one has

t

/ (G3(x,t; ho(T), T)hG(T) — DiGae(x, t; ho(7), 7)) Ws(7)dT

0
t

= / |Gs(x, t; ho(T), )N, (T) — DrGae(x, t; by (1), 7)] Wa(r)dT,

0

where W3(7) = T'(ho(t)+,t) — To(t) and W4(t) = T'(hy(t),t). Taking x — ho(t)+ and
x — hy(t)— in (2.17), we have

(2.17)

\Ifg(t) :/[Gg(ho(t),t; hO(T),T)hé(T) —D[Ggg(ho(t),t; hQ(T),T)] \Ifg(T)d’T

t (2.18)
—/[Gg(ho(t),t; ho(T), )R, (T) — DrGse(ho(t), t; ho(T), 7)] Wa(7)dT,
and
U, (t) = — / (G35 (hu(t),t; ho(T), T)ho(T) — DiGse(hu(t),t; ho(T), 7)] Us(7)dT
N (2.19)

+/ (G3(hy(t),t; ha(7), TR (T) — D1Gse(hy(t), t; ho(7), 7)] Wy (T)dT.

Equations (2.18) and (2.19) form a system of linear Volterra integral equations of the
second kind, and we deduce from Lemma 2.3 that ¥3 = U, = 0. Thus (1.3) holds,
and the continuity of T'(.,t) at ho(t) follows T'(ho(t)+,t) = T'(ho(t)—,t) = To(t). O

Remark 2.4. The technique in Step 3 is learnt from A.Friedman [3]. However, there
is a minor mistake in [3]: formula (1.28) in page 221, i.e.

t

/Gg(a:,t; s(7), T)u(s(r), 7)dT =0,

should be
/ |Ge(z,t;8(7),7) — Gz, t; 8(7), 7)s' (7)) u(s(r), 7)dr = 0.

Fortunately, the conclusion u(s(t),t) = 0 still holds by the same argument.
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2.3 Solving integral equations

Now we accomplish the proof of Theorem 2.1. We want to prove the system (2.3),
(2.7), (2.10), (2.11) has a unique local solution, and this solution can be extended
uniquely by prolongation whenever the condition h,(t) > ho(t) still holds. The system
(2.3), (2.7), (2.10), (2.11) can be rewritten as v = Pv, where

v = (S(],’Ul,’Ug,’Ug) ,P’U = (Pl’U, PQ’U, Pg’U, P4’U) .
Denote by C(o, M) the space of functions v = (Sy, v1, v2, v3) continuous in [0, o] and

101,07 := tSl[ép]maX{ISO(t)l v (@) [va(8)] [os(8)]} < M.
€(0,0

We shall prove that for M > 0 large enough, says M > 2[|P(0)]|; . there exists
tyr > 0 depending on M (but independent on v € C(tp, M) ) such that P is a
contraction on C'(tyr, M).

First at all, note that for each M > 0, if t); > 0 small enough then it follows from
(2.12)-(2.13) that

2

In particular, h,(t) > ho(t) for all t € [0,¢)], and hence P is well-defined.
Let us estimate ||[Pv — Pvl|,, , for v,v € C(ty, M). In what follows, denote by

hu(tl) — ho(tg) > > 0, vtl,tg € [O,tM] (220)

hy and hg the functions given by (2.12)-(2.13) where v is replaced by v; and denote
by Cy > 0 a constant depending only on data (h(0), h,(0),T°(x), S°(x), To(t)) but
independent on M, v and v. We shall go to the details for P;, and P, P>, P3 can be
treated by the same way.

For preparation, we need some estimates related to Green’s function.

Lemma 2.4. Let v,v € C(tp, M). Then fort > 0 small enough we have
CoM ~
\/m ||'U - UH[O,tM] >
Cy(a(t),  ho(r), ) = Galalt), :To(r), 7)| < b0 =

Gian(ha(t), b ha(7), ) — Gan (hu(t), £ (1), 7)’ <

Gia(halt), t 1o(7),7) = Gaa (a(8), :Fol7), 7)| < o =T,

Ga(hu(t),1:6,7) = Gaal(hu(t), 1:6,7)| <

for allt € [0,ty] and & € R.

Proof. First at all, we note that hg ,h, are linear with respect to v and

t

| () = ha(7)| = X1/@3(7“)6% < Ar flosllig g,y (8= 7).

T

ho(t) = ho(™)] < [0 0allg g + R0 [l ] (¢ = 7).
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Let us now consider function

G3m(hu(t)> U hU(T)’ T) - 4hu5:;)3_(thu—(:))3 CXP (_ (hz(gl& fiu,(:;)) ) ‘

as a one-variable function of (h,(t) — hy(7)). Using Lagrange formula one has
G3$(hu(t)> U hu(7)7 7-) — Gy (?LU (t)> l; EU(T% 7-)

() = b)) = (Bult) = Pu(7)) 62 22
N 4/ D3(t — 7)3 P (_4Dl(t—7)) (1_4D1(t_7')) .

The first inequality follows 6] < \;M(t — 7) and

[(ha®) = (7)) = (alt) = Pul(r)) | € Xt = 7) 10 = g,

By the same argument, one has

Gs(hu(t), t; ho(T), 7) = Gs(hu(t), t; ho(T), T)

[hu(t) - }iu(t)} 0 5
Ty TD3(t —7)3 P (_4Dl(t - 7)) ’

and

Gau(hu(t).1; ho(7), 7) = G (ha(t), t; ho(T), T)
_ hu(t) = ha(2) ol 62 2P
4 WD?(t—T)?’e p( 4Dl(t—7)) (1 4Dl(t_7'))

for some 6 between (hy(t) — ho(7)) and (hy(t) — ho(7)). Note that

[hs(8) = Paa(8)] < AL M o = a4,
and it follows from (2.20) that

hu(0) — ho(0)

0| > = > 0.
o) > =

Therefore, the second and the third inequalities follow the elementary inequalities
23¢7% < const., and (23 + z%)e™* < const., for z > 0.
For the last inequality of Lemma 2.4, we write

G3(hu(t),£:€,0) — Gs(h1u(t), 1: €, 0)

and then employ the following elementary inequality

2 2
‘exp(—zf) — exp(—zg)‘ < const. {exp (—Z—l) + exp (—22—1)} |21 — 22 (2.21)
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for z1, 20 € R. To prove (2.21), we can assume 0 < z; < z and note that

exp(—27) — exp(—z3)
21 — 22

= —20 exp(—6?)
for some 6 € (21, z2. Then (2.21) follows |0] exp(—6?/2) < const., and exp(—6?/2) <
exp(—22/2). O

Return to estimate || Pyv — Py||(0,¢,,- Using the first inequality of Lemma 2.4, we
get

‘Ggm(hu(t), £ h(7), T)03(7) — G (hu(8), 5 o), 7)53(7)‘
< |Gl (a(£), 8 b (7). 7) = G (ha(8), (), )| ()|
+ [Gaa(hu(t), t; ha(7), 7)| lv3(T) — V3(7)]

< C(]M ~ C(]M ~
= \/m ||,U - UH[O,tl\/j] X M _I_ \/m X ||,U - ,UH[O,t]\/[] :

Therefore
2D[ / ‘Ggm(hu(t), t; hu(T), ’7')'U3('7') - G3m (?Lu(t)a t; Eu(7)7 7)63(7-) dr

0
t

Co(M? + M _ -
<2D; / GoM”+ M) v =0l d7 = 4D;Co(M?* + M)ty ||v — Oll0.4y1 -

Vi—T
0
(2.22)
Also, from the second and the third inequality of Lemma 2.4, we have
t
2D; / }Ggm(hu(t), t; ho(7), T)va(T) = Gsa(hu(t), t: ho(T), 7)0a(7)| dr
0
. (2.23)
<o, / HM + 1) o =T, d7 = 2Dy (M + Vi, o — 7],
0
and
t
201 [ [Galll), s ho(r). 7) = Gallolt), () )| Ty
0
t (2.24)

< 2Dy /t v — g”[o,tm Té(T)dT < Cot [lv — 2A’/H[o,tM] :
0

23



It follows from the last inequality of Lemma 2.4 that

hw (0)
2 [ [Galha(t).1:6,0) = Galhu(t).t:6.0) 22()d¢
ho (0)
) (€~ h(t))? (€~ hu(t))?
- — Ny (T — Ny (T
< Collv— U||[0,tM] / [exp (_T) +exp <_T>] d§.
ho(0)

On the other hand, by making some change of variables, one has

7 [exp (_(g - Ch;a))z) 4 exn <_<s —Cﬁouta»z)] i«

=2 / exp (_C—ot) d§ = 2v/mCot |lv — 0l g4, -
Thus
hy(0)
2 [ [Galha(t).1:6,0) = Galhu(t).t:6,0)| 22()d¢
ho(0) (2.25)

<24/ 7Cetar (v = 0ll0,4, -

It follows from (2.22)-(2.25) that
||P4'U - P4g||[0,t]\/[] S C(]M2 V tM ||'U - ,UH[O,tM] 9

where Cj stands for a constant depending only on data (hg(0), k,(0), T%(z), S°(z), To(t)).
We also have similar estimates for P, P, P;. Thus, if

M?\/ty < e, (2.26)

where g¢ stands for a constant depending only on data (hg(0), h,(0), T%(z), S°(x), Ty(t)),
then

~ 1 - -
[Pv— P01 < 5 v =0l g4, V0,0 € C(tar, M). (2.27)

The latter inequality implies that if M > 2|/ P(0)|,, then P maps from C(ta, M)
into itself and is a contraction. Thus P has a unique fixed point v in C(ty, M) for
tar small enough (restricted only by (2.26)).

Now let us prove the solution can be extended uniquely by prolongation. Assume
that v is a solutions of system (2.3), (2.7), (2.10), (2.11) in [0, 0] with ¢* < ¢ and
hu(0*) > ho(c*). Let us consider the system (2.3), (2.7), (2.10), (2.11) for t > o*
(instead of ¢t > 0 under the data

(ho(0™), hy(c™), T (z,0%),S(x,0"), To(t)).
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We need to check that the new data satisfy Hypothesis (H1)-(H4). Infact, (H1)
and (H4) are automatically satisfied because h,(c*) > ho(c*) and Ty(t) is even con-
tinuously differentiable in [0, o]. For (H2), the continuity of T'(.,c*) and T,(.,0%) is
guaranteed by the definition of the solution. The boundedness of T,(., c*) follows the
finite limits

and, from (2.6),

ho (0)
limsup |T,(z,0*)| = limsup /Gz(:v,t;&O)Tf(&)d& < sup [T
T——00 T——00 R ho(0)>&>—00

Here we have used a property of Green’s function
[ leate s o = 1.

Similarly, (H3) holds. Thus Hypothesis (H1)-(H4) holds for the new data
(hQ(O'*), hu(O'*), T($> U*)> S($> U*)> TO(t))

Therefore, it follows from the above result that the solution can be extended uniquely
in [0, 0**] for some o** € (c*, 7).

Remark 2.5. Itis sometimes difficult to measure the initial condition (T'(x,0), S(x,0))

in the infinite domain h,(0) > x > —oo as in the previous section. However, this

condition is maybe replaced by the initial condition (T(x,0),S(x,0)) in a finite in-

terval h,(0) > = > L and the history information at one point (T'(L,t),S(L,t)) in

0 <t <o, where L is a deep point in the ocean satisfying L < ho(t) for 0 <t < o.
Infact, introduce the Green’s function for the half-plane x > L,

Kj($>t;677) = Gj($>t;677) _GJ(2L _$>t;577)7 J=12

Note that K;(x,t; L, 7) = 0 and the formulae in Lemma 2.1 and Lemma 2.2 still hold
with K; replacing G; and a(t) = L. Thus instead of (2.3) and (2.5) we have, for
ho(t) > x > L,

t t

S(z,t) = —D/Klg(l’,t; hO(T),T)SO(T)dT+D/K1§(:B,t; L,7)S(L,T)dr
0 0

o (0) (2.28)

L
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and

t

T(x,t) = /Kg(l’,t; ho(7), 7) [DoTe(ho(T)—, 7) + To(7)hy(T)] d

0
t t
—DO/Kgé‘(l',t; ho(T),’T)T(](’T)d’T—I—D0/K2§(l’,t; L,7)T(L,7)dr (2.29)
0 0

ho(0)
+ / K (£ €, 0)T(€, 0)d.
L

Therefore, the uniqueness of the solution (hg, hy, T, S) of the system (1.1)-(1.7) can
be proved by the same argument.
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